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Substituting the foregoing into the boundary conditions (5)
and (6) and using the basic relations (1) and (2), the follow-
ing equations are obtained :

FYIf®) + Cutl = /() (10)
G'f() — Cut] = (D) (11

mf’(f) = P — Paw — puCioFV[f) + Cut] —
p2CxnGe [f(t) — Cxnt] (12)

Eliminating F: and G. from the preceding equations, one
obtains an ordinary differential equation of the first order for

1@
mf "+ (p1oCr0 + pzoozo)f "= Py — Py (13)

The initial condition for f’(t) is obtained from conditions
(4) and (5) as follows:

S0 =20 (14

The solution of differential equation (13) satisfying the
initial condition of Eq. (14) can be obtained easily to give

Pm - on PIOCIO + p2oC20 >:|
y S0 f20 _ __ P10 T PO
f B P1001o + onczo [1 exp( m t (15)

If a light piston is used, the piston speed approaches the
final speed very rapidly, as is expected intuitively. On
the other hand, the final speed is independent of the piston
mass and depends only on the pressure difference between
the high- and low-pressure chambers and state of the gas in
both chambers. The pressures on the front and rear sur-
faces of the piston are, of course, equal in the final state to
the average of Py and Py.

Effective Displacement Thickness
for Boundary Layers with Surfa(_:e
Mass Transfer

WesLeEy M. Manx Jr.*
Aerospace Corporation, El Segundo, Calif.

Nomenclature

velocity component parallel to surface in stream direction
velocity component normal to surface

coordinate parallel to surface in stream direction
coordinate normal to surface

height of control surface, const

total boundary layer thickness
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Fig. 1 Flow model
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8* = boundary layer displacement thickness [defined by Eq.
(2)]

A* = effective displacement thickness [defined by Eq. (8)]

6 = flowangle, tan—(v/u)

o = mass density

Subscripts

e = flow conditions external to the boundary layer

w = wall conditions

HE foundation of the well-known strong and weak viscid-

inviscid interaction theories due to Lees and Probstein', 2
rests on the assumptions that 1) the boundary layer is
separated from the shock wave by an inviscid shock layer;
2) classical boundary layer theory can be applied; and 3)
the local steamwise variation in pressure and other flow prop-
erties can be calculated if the deflection or displacement of
the inviscid flow due to the presence of the boundary layer is
known.

The flow external to the boundary layer is calculated by an
appropriate inviseid-flow theory for a fictitious body that
has a thickness equal to that of the original body plus an
additional thickness to account for the displacement effect
of the boundary layer. When the tangent-wedge approxi-
mation is used for the inviscid solution, the original body
slope is increased by the rate of change of the boundary layer
displacement effect.

This note employs a continuity argument to derive this
displacement effect for a boundary layer with surface mass
transfer for application to the calculation of viscid-inviseid
interaction on ablating or transpiration-cooled surfaces.
The flow model used is given in Fig. 1. In order to avoid
direct involvement with the rather nebulous concept of total
boundary layer thickness 8, the control surface, detailed in
Fig. 2, was chosen with a constant height y. > §, such that,
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Fig. 2 Mass flow through the control surface
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for y > ¥y, p = p. and v = w,.. It is assumed also that
d(peu.) /oy = 0fory > y..

Continuity is applied to yield the mass balance within the
control surface,

j;yc (Pu)2dy = j;yc (pu)ldy + f::z (Pwvw - peve)dx (1)

and the usual definition of displacement thickness 6* is
introduced through the equation

j:) v (pw)dy = pelhe [yc - j; . (1 - piZ,,) dy] @

= pellely. — 0%]

When Eq. (2) is substituted into Eq. (1) and the limit as (z, —
x1)— 01s taken, the result is

Py, = petse(dd*/dz) + puve —

(ye — 8% [d(peuer)/dx]  (3)

The first two terms on the right-hand side of Eq. (3) repre-
sent the vertical component of mass flow induced by the
boundary layer. The last term on the right side [i.e.,
—(y. — 8%)d(p.u.)/dz] is the vertical component of mass
flow which would exist at a normal distance (y. — 6*) from a
solid body for the case of inviscid flow with a surface axial mass
flow gradient d(p.u.)/dz and d(p.u,)/dy = 0.} This can be
seen from the continuity equation of the inviscid flow,

dpe.)/dy = —d(peu.) /o 4)
which leads to
e O
P& ey, = P, g — f; 5 (petic)dy (5)

Now for &{(p.u.)/dx independent of y, Eq. (5) becomes
(Y. — 8% [d(psuc)/dx] (6)

Thus, this additional vertical-mass-flow term is associated
with the inviscid flow and must be neglected when computing
the boundary layer displacement effect. (Note also that this
term varies linearly with y. and therefore is not defined
uniquely.)

Neglecting the last term on the right-hand side of Eq. (3)
and dividing by p.u. gives the incremental flow angle induced
by the boundary layer:

pev”lysuc = pevely=8* -

Ve da* wVw
g, x4 2 )
Ue X Pelle
The effective boundary layer displacement thickness is
[ e max = ox 4 [T B2 g ®)
0 0 Pelle

The point emphasized is that the term &* is calculated
from the boundary layer density and velocity profiles under
the influence of blowing as obtained by the appropriate
boundary layer solution, but the displacement effect on the
external flow should include the additional term involving
injected mass flow. It is believed that the necessity for
including this additional mass-flow term in the calculation of
interaction effects on ablating bodies generally has not been
recognized.
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Particle Size Analysis of Ammonium
Perchlorate by Liquid Sedimentation

E. K. BagtrEess,* K. P. Havg, f
AND M. SUMMERFIELD]
Guggenheim Jet Propulsion Center,
Princeton University, Princeton, N. J.

A method is described for obtaining particle size
distributions in ammonium perchlorate and other
finely divided materials from 400-u diam to 1 y and
below. The methoed offers advantages including
rapid operation and moderate equipment costs.
Validity and accuracy of the method are found to
be satisfactory for use in studies of particle size
effects in solid propellant combustion.

Introduction

MMONIUM perchlorate currently is used by many
manufacturers as an oxidizer in composite solid pro-
pellants. In most cases this crystalline material is used
partly or entirely in a finely ground condition. It long has
been recognized that the average size and size distribution
of the perchlorate particles are factors that influence the
combustion behavior of such propellants. An experimental
program has been completed recently at Princeton wherein
the effects of these factors on burning rates were determined
for. various propellant compositions., 2 At the outset of
this program, it was necessary to obtain an instrument for
measuring particle size distribution.

Measurement of fine particles is a complex subject, and
methods that presently are known are numerous and varied.?
However, for particles in the so-called subsieve range, that
is, particles less than 50 u in diameter, methods most often
used for measuring size distribution are based on the move-
ment of particles through a fluid. This process lends itself
to rapid and repeated analysis more than any other.§ Instru-
ments vary widely in nature, but the basic principle of opera-
tion is the same. The velocity with which a particle moves
through a fluid is dependent upon the foree acting upon the
particle, the fluid viscosity, and the particle size and shape
(for low Reynolds numbers). The effect of particle shape
generally is avoided by assigning to each particle a diameter
equal to that of a sphere of equal density which moves
through the fluid with the same velocity. For nearly spheri-
cal particles, this device is satisfactory. Many instru-
ments allow particles to fall (or rise) under the influence
of gravity. Thisis called the sedimentation method. Others
increase the force field- by centrifugal action. - In a constant
force field, particle velocity is very sensitive to size,
particularly in the Stokes regime, where velocity is propor-
tional to the square of the particle diameter. Thus, instru-
ments based on this principle are capable of indicating par-
ticle diameter with great accuracy.

In measurement of ammonium perchlorate particles, a num-
ber of special problems are encountered. Finely ground
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